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Summary— Now that very low noise amplifiers are available 

the Cool-Oscillator and any of its variants are shown to predict 

typically up to 10 dB or so better performance than the Leeson 

model.  The Cool oscillator model is now to be preferred for future 

oscillator design and assessment.   

In any oscillator model the spectra of the noise and signals at 

the input should always be combined ‘vectorially’ for both power 

and amplitude.  This reveals the unstable parts of the oscillator 

spectrum.  The instabilities appear at the ‘corner’ frequencies and 

times of both the spectrum and Allan Variance plots when 

represented by ‘asymptotes’.  And these ‘metastable and ‘chaotic’ 

instabilities are estimated to be bounded in peak energy density 

and total noise energy by partial coupling to be < 2.5 % or 1/(2)2 

of the sideband energy density at ‘corner-frequencies’.   

Oscillator spectra can conveniently be represented by a pair of 

lower sideband (LSB) and upper sideband (USB) ‘Coupled-

Energy-Modes’ (CEMs), recognizable as LLSB(f) and LUSB(f).  

Then S(f) is the ‘vector-addition’  of the two sideband Energy-

Modes.  CEMS can conveniently be represented as  Energy/Power 

Laplace-Transforms with an individual mode energy assigned to 

each of them.  And this allows oscillator switch-on and switch-off 

dynamics to be modeled.  Also, partial-coupling between the two 

modes is what causes chaotic and metastable exchange of energy 

limited to about 2.5 %.   

The ‘corner-frequencies’ on a spectrum plot with asymptotes 

can be directly related to the ‘corner-times’ on an asymptotic 

Allan Variance (AVAR) plot by reversing the AVAR plot left to 

right and suitably aligning the logarithmic scales with some small 

offsets predicted depending on the asymptotic slopes at each 

corner-point.  Example measured plots for an NEL OCXO are 

shown to demonstrate this.   

Also an asymptotic AVAR process ‘filter’ characteristic is 

shown to be constant in shape and size when plotted in the AVAR 

plot.   
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I. INTRODUCTION 

This paper re-examines several aspects of oscillator 

behavior and predicted and measured performance from the 

viewpoint of ‘oscillator-physics’. Particularly that is how the 

energy of the oscillator is created, distributed in the frequency 

spectrum, built up, stored in, and dissipated from its resonator. 

This approach reveals that the original ‘simple’ Leeson model 

equation [1], its improved version put forward by Everard [2] 

[3] and further improved by Underhill as the Cool-Oscillator 

equation [4] can all be further improved by addressing 

oscillator physics together with feedback control system 

analysis [9, 10] using ‘Laplace-transform’ [8] ‘partial-fraction’ 

[12] type expressions for what are here called Coupled-Energy-

Modes.  By ‘inverting’ the Laplace-Transforms [11] the CEMs 

can predict the switch-on characteristics for any oscillator open 

loop gain and the switch-off decay characteristic of the 

oscillator resonator.   

The CEM concept elaborates the concept of the simple 

single mode oscillator to the next level of two or more modes. 

The simple CEM model is represented by a pair of poles 

coupled together and being able to exchange energy between 

these ‘modes’ for a full range of phase differences, and within 

the constraint that the total spectrum energy is fixed.  It is useful 

to think of the two modes being the upper and lower sidebands 

of the oscillator spectrum The spectrum shape and its 

fundamental instabilities can be translated into Allan-variance 

plots by the techniques indicated in Enrico Rubiola’s Chart [7].  

ng lower and upper sideband modes space about one oscillator 

bandwidth (~2) apart.   

The maximum energy exchange is limited by the coupling 

or degree of correlation between the two sidebands.  This is 

estimated at about 2.5% from an examination of ‘oscillator-

physics’ and oscillator measurements.  The oscillator physics 

will be published in due course.   

A useful discovery from the investigation of how two 

Gaussian noise signals combine is that the maximum energy 

exchange occurs only at the frequencies where the two spectra 

have equal amplitudes.  And so this occurs at the ‘corner 

frequencies of ‘asymptotic spectra plots which it is shown that 

these correlate with the corner frequencies of Allan Variance 

plots.  (A practical example of both of these taken from 

measurements of an NEL OCXO is given.    

The control system approach in this paper has been 

developed over many years, from the late seventies to the 

present.  The evidence for this can be by examining this 

author’s references given in a separate list at the end of this 

paper. The list of fifty-five papers covers from 1978 to the 

present.   

This control system approach is what has led to the 

discoveries of how chaotic instabilities can occur because the 

power level and hence the overall spectrum power of any 

oscillator is always constrained to a fixed value.   

II. OSCILLATOR MODEL COMPARISON – ‘LEESON’ AND ‘COOL’ 

Fig. 1 shows why the Cool oscillator gives a more accurate 

and less pessimist phase noise prediction the Leeson model now 
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that very low noise amplifiers are available.  The comparison 

assumes an amplifier with a noise-factor of 1.1 which 

corresponds to a noise-figure of 0.4 dB.  The effective 

temperature Te of the oscillator is then ten times lower than the 

ambient temperature Ta and the oscillator phase noise is 

improved by 10 dB.   

This shows why the ‘Cool’ oscillator model is now to be 

preferred over the Leeson’ model.   

 

Fig. 1. Comparison of phase noise spectra of ‘Leeson’ and ‘Cool’ models for 
a mismatched voltage amplifier with NF of 1.1 (0.4dB). Note that the added 

noise at the amplifier input is (F-1)kT. L(f) is then improved by 10dB (10).  The 

equivalent noise temperature Te = Tamb/10.  The sideband frequency is fm  

III. ESSENTIAL PHYSICS AND MATHEMATICS OF SUMMING 

JUNCTION OF ANY OSCILLATOR FEEDBACK MODEL 
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Feedback model of any oscillator but with three inputs to 

the summing junction and the ‘Cool’ correction to the amplifier 

input noise and equivalent temperature.   

In Fig. 2 simple addition of the signals at the Summing 

Junction (P = P1 + P2 + P3) is found to be invalid physics even 

if the additions are averaged over a long time.  The physics 

demands an summing process that takes into account the ‘inter-

coupling’ and ‘correlation’ between all three signals and at 

every frequency.   

‘Vector-addition’ taking account of relative phases of 

power densities over the frequency band of interest found to be 

the answer.  Suitable representation using  to mean ‘vector 

addition taking coupling correlation and phase into account’ is  

P(f) = P1(f)  P2(f)  P3(f)      (1a) 

Or in more correct detail: 

P(f) = [P1(f)2  P2(f)2  P3(f)2]    (1b) 

In this way the Summing-Junction (at left) adds three 

signals which each can be ‘noise’ or ‘discrete’.   

Note that all oscillator spectra are white noise filtered by the 

very high Q, narrow bandwidth, of the resonator Q, Q being 

multiplied many times (~ 108 or so).  Oscillator spectra can be 

considered to be ‘totally phase-noise’ and treated accordingly.   

Furthermore, the addition process, by physics-definition has 

to be power/energy conserving as a long-term average. And this 

has consequences:   

(a) Parts of two spectra may cancel at certain frequencies when 

the parts are nearly equal.   

(b) The cancellation of two equal Gaussian signals creates non-

Gaussian noise which can be ‘metastable’ and ‘chaotic’.   

Fortunately the worst case coupling which occurs at 

frequencies when the spectral densities are equal is estimated 

from the physics to be about 1/(2)2 being about 2.5% or about 

1.5 dB the this worst case frequency.  And the error is bounded 

within an estimated fractional bandwidth of ~1/() = 1/3.14 = 

0.32. 

Thus, in summary the inescapable instabilities are small and 

only occur when noise process asymptotes cross at ‘corner 

frequencies’.   

IV. LAPLACE VARIABLE REPRESENTATIONS OF OSCILLATOR 

SPECTRUM AND DYNAMICS  

The simple expressions for the spectra of oscillators in 

terms of frequency differences as shown for example in the 

‘boxed’ expressions in Fig. 1, can be made much more useful.  

The ‘trick’ is to replace all the frequency terms by complex 

frequencies all represented by the Laplace variable ‘s’.  

Equation (3) defines the necessary substitution.   

/t = s =   j =   2f      (2) 

where t is time,  is the ‘damping’ representing the decay 

or build-up of oscillator/resonator amplitude,  is the angular 

frequency in radians-per-second, f is the frequency and  

j = (-1).   

On this basis we can simply replace f by ‘s’ as all the 2 

cancel out, except when plotting the spectrum.  The spectrum 

then has to be converted back to Hz from radians-per-second by 

dividing by 2.   

In Fig. 1 the cool-oscillator phase noise spectrum has two 

poles at fm =  and two zeros at fm =  and is given by given as 
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The spectrum given in Fig 1 should use vector-addition  

and then is 
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And this can be converted into a per radian angular 

frequency power spectrum using vector addition  giving in the 

form  

PLrad(f) = (½ kTe/Q2)(s2  2)/(s2  2)    (5) 



Then (3) is in the form of a Laplace Transform that can be 

‘inverted’ [11] to give the dynamics of the switch-on amplitude 

build-up and switch-off decay of the oscillator and its resonator.   

The vector addition  that is used here also has the 

advantage that any spectrum can be separated into regions of 

interest around each of the corner-frequencies (as defined 

further below).   

V. LOWER AND UPPER SIDEBAND OSCILLATOR ENERGY-

MODES 

The vector addition  also should always be used when 

considering the upper and lower sidebands combine in a 

measurement of S(f) so that we have 

S(f) = LLSB(f)  LUSB(f)     (6) 

A useful discovery is that each L(f) can be regarded as a 

separate oscillator ‘energy-modes’ spaced symmetrically in 

frequency by no more than 2 the closed loop bandwidth of the 

oscillator.  These are the two main ‘Coupled-Energy-Modes’ of 

any oscillator.   

A small amount of energy (~2.5%) can then be exchanged 

(chaotically) between the two energy-modes provided that a 

total power/energy constraint is maintained.  The constant 

power/energy constraint with  as a ‘coupling factor’ ~2.5% is:   

P2 = P1
2 + P2

2 + 2P1P2       (7) 

Being at slightly different frequencies the relative phase of 

the oscillators can change to produce what might be called a 

‘beat frequency’.  This clearly is an unstable situation with 

probable chaotic and metastable characteristics.  Further 

investigation both theoretically and practically is needed to tie 

this down more precisely.   

 

VI. ASYMPTOTIC SPECTRUM REPRESENTATION  

 

  

Fig. 2. Spectrum Plots.  (a) Linear: ‘Corner frequencies’ are at  and .  

(b) Asymptotic LLSB(f) and LUSB(f):   Vertical dashed line is ‘overlap line’ and 

overlap is chosen to show  ‘corners.’  T(c) Asymptotic S(f) = LLSB(f)  

LUSB(f): The oscillator sidebands have varying amplitudes and phases and mix 

to cause small ‘chaotic’ (non-gaussian) instabilities at and around the ‘corner-

frequencies’.  

Fig. 3 shows ‘asymptotic’ spectrum plots relating to the 

proposition there are (at least) two sideband energy modes for 

any oscillator.  The sidebands LLSB(f) and LUSB(f) of an 

oscillator are almost the same except at the ‘corner frequencies’ 

where about 2.5% of instability is a fundamental given from the 

physics of combining two almost equal amplitude Gaussian 

noise signals.  This is shown where circled in red.    

Also shown is how it is convenient to convert the linear 

spectra to a novel double-sided Bode plot [13] as shown in (b).  

Such a plot makes it easier to integrate any phase-noise 

spectrum without too much approximation to obtain the total 

phase noise power of the oscillator mode spectrum and then 

equate it to P.   

The feature of the double sided Bode plot (b)is the there is 

an unavoidable overlap of the upper and lower sideband plots.  

This occurs at the central vertical dashed line.  The make sure 

that all the important sideband feature are included the two 

corners at the top of the plot should be chosen to be sufficiently 

apart as shown.    

We then find that the power P can divide chaotically 

between the two sideband modes.  This is because of there is 

coupling  between any pair of components as the result of the 

processes occurring in the summing junction of the oscillator 

The power equations are then of the form:   

P2 = P1
2 + P2

2 + 2P1P2       (8) 

where P1 and P2 are the powers of each mode/pole at any one 

time and (P1P2) is the power being exchanged at any one 

time, with  as a coupling factor assumed between the two 

sideband  modes.   

 

VII. AYMPTOTIC SPECTRUM AND ALLAN VARIANCE (ADEV) 

PLOTS COMPARED 

 

Fig. 3. Spectrum and Allan Deviation (ADEV) of NEL OCXO  

(Oven Controlled Crystal Oscillator).  Instrumentation limits are shon in grey.   

Asymptotes may be applied both to oscillator spectra and 

Allan Variance plots.  And it is interesting to observe 

particularly how the corner-frequencies of the asymptotes on 

the two plots relate to each other.  Also, how well the 

asymptotes can represent the spectra and corresponding ADEV 

plots.  The spectrum shape and can be translated into Allan-

variance plots by the kind of techniques indicated in Enrico 

Rubiola’s Chart [7].   

Fig.4 shows real measurements of an NEL OCXO which 

are used for determining the accuracy of the asymptotic 

representations.   

Fig.5 shows asymptotes applied to both the Spectrum and 

ADEV plots but with ADEV plot reversed left to right as a 



mirror image.  The plots are placed one above the other and 

have been aligned to give the best fit according to the 

assumption that the logarithmic time scale is the reciprocal of 

the logarithmic frequency scale.   

 

Fig. 4. Spectrum and mirror-image Allan Deviation (ADEV) plots of NEL 
OCXO  aligned so that vertical red dashed lines show the correspondence of 

the asymptotic corner-frequencies in the two plots.   

Fig. 5 shows that asymptotes can be used both on the S(f) 

spectrum and on an ADEV plot.  Slopes are constrained exactly 

to f0 =+3dB green, 0 = 0dB red, f-1 =-3dB orange, and f-2 = -

6dB blue per octave.   

The ADEV plot has been reflected horizontally to attempt 

alignment of ADEV reciprocal time 1/ with f and the vertical 

dashed dark red lines indicate corresponding corner frequencies 

on the S(f) and ADEV plots.   

This shows that the general shapes can be correlated but 

some offsetting of different corners are required between the 

corners on the two plots and needs to be calculated and justified.   

There is a surprising 1/f orange -3dB section on the S(f) 

plot corresponding to red 0dB section on the ADEV Plot.  It is 

also shown also on Enrico Rubiola’s Chart [7]. The physics of 

this needs to be explained.  At present no known oscillator 

model models this!  A new oscillator model is needed.   

Since when aligned the two plots in Fig. 5 do not completely 

overlap the frequency plot has been extended downwards on the 

assumption that the two plots are indeed connected and 

correlated.   

Note that this part of the plots is shaped by the oven 

feedback loop characteristics of the OCXO.   

 

VIII. ASYMPTOTIC ADEV FILTER SHAPE .   

The process of creating an ADEV can be likened to the 

application of an Sin2/ angular frequency ( in radians per 

second) filter.  An asymptotic approximation to this filter 

characteristic can be derived and this is shown three times on 

the (un-reflected) ADEV plot in Fig. 6.  The interesting 

discovery is that this filter appears to retain exactly the same 

shape and dimensions for any value of the ADEV sample 

difference time .   

 

 

Fig. 5. Allan Deviation (ADEV) of NEL OCXO (Oven Controlled Crystal 

Oscillator) showing the constant shape and size of the ADEV filtering acion.   

In Fig. 6 the slopes are contain the additional slope of f-2 or 
-6dB per octave in mauve.  

IX. CONCLUSION 

This work has made significant advances in the 
understanding and modelling of oscillators and their 
fundamental chaotic instabilities.  New upgraded modelling 
equations have been presented indicating the presence of albeit 
small but irreducible chaotic spectrum and jitter instabilities.   

Further work is needed to refine and calibrate the new 
proposals and perhaps further improve the rapidity and accuracy 
of oscillator measurements.   

The eventual target is even better oscillator designs.   

X. CONCLUSIONS 

For oscillator design the ‘Cool Model’ is better than the 
‘Leeson Model’ and should be used from now on in preference. 

The ‘Asymptotic Representation’ usefully identifies the 
‘corner-frequencies’ on plots of the phase-noise-spectrum, 

ADEV, LLSB(f), LUSB(f) and S(f). 

The ‘corner frequency’ regions of both spectrum and ADEV 

plots are fundamentally unstable within a bandwidth of ~f/.   

The instabilities are non-gaussian with expected ‘chaotic’ 
and ‘metastable’ statistics.   

The maximum spectrum variation at the corner frequency is 
estimated to be ~1.5 dB which is small and not likely to appear 
on ADEV measurements particularly if averaging is used.  And 
will not appear on spectrum measurements if averaging with 
‘outlier removal’ is used.   



The next oscillator model under consideration is the ‘Cool-
Physics Model’ which will take into account that a spectrum has 
a temperature profile that is proportional to the spectral-density 
at every point and this can vary dynamically in time.  But it may 
well only be of academic interest? 
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